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ABSTRACT 
It is shown in this paper in an elementary, intrinsic way that a positive definite quadratic poly- 
nomial in an Archimedean f-algebra has a negative discriminant. As a corollary, a Schwarz in- 
equality is obtained for positive linear mappings between Archimedean f-algebras, both real and 
complex. 
1. INTRODUCTION 
In the literature the classical Schwarz inequality has been generalized in 
various directions. We give a short historical account. 
In 1952, [8, Theorem 11, Kadison showed that if A is a C’-algebra and cp is an 
order preserving linear map of A into the algebra of all norm bounded linear 
operators on some Hilbert space such that 11411 5 1, then d(A2) 2 4(A)’ for 
each self adjoint operator A E A. 
In 1961, [ll], G.-C. Rota proved a version for positive contractions on C(X)- 
spaces with X compact, Hausdorff. 
Next, it was shown by M. Lin in 1985, [9, Lemma 1.7.41, that a positive linear 
operator T in a space of equivalence classes of measurable functions on some 
finite measure space satisfies 
IT( I: IT(lflP)I”P~ [T(lglq)l”q at. 
l Work on this paper was done when the first author was visiting Leiden University in the spring of 
1994. 
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(1 < p < co, p-l + q-l = 1). In particular, if T contracts the &,-norm, then 
lT’lp I T(lflP) a.e. 
One obtains of course generalized Schwarz inequalities for p = q = 2. 
There exists also a C*-algebra version of the Schwarz inequality (see e.g. [4, 
Proposition VIII, 5.111). Let A be a C*-algebra and 
A+={aEA:a=a*,a(a)C[O,oo)}. 
Iff is a positive linear functional on A (so f(a) 2 0 for all a E A +), then 
If(Y*412 i f(v*JJ) ._t-(x’x) 
for all x, y E A. 
Finally, in 1986, B. de Pagter and the second author proved, [7, Proposi- 
tion 3.31, that if a, b and c are elements of an Archimedean semiprime (i.e., the 
only nilpotent is 0) f-algebra A and 
X2a+2Xb+c>0 
for all real X, then b2 5 ac. A somewhat simpler proof, due to the first author, 
was added in proof to [7]. In both proofs it is used that A is uniformly complete 
and is unitary (i.e., A has a unit element e > 0). The first may be assumed 
without loss of generality by embedding A in its Dedekind completion a (which 
is also a semiprime f-algebra). The second can be accomplished by embedding 
2 in its unitary f-algebra Orth(2) of orthomorphisms (the mapping that as- 
signs to each 6 E a the multiplication ~6 by B satisfies ~2 E Orth(& it is in- 
jective as 2 is semiprime). The disadvantage of this approach is that the proof is 
not intrinsic, i.e. does not take place in the f-algebra A itself. 
Actually, a similar method of proof enables us to get rid of the semiprime 
condition. Indeed, let A be an Archimedean (not necessarily semiprime) 
f-algebra and a, b, c E A such that X2a + 2Xb + c 2 0 for all real X; embed, as 
above, A in the Dedekind completion A and denote the set of all nilpotents in A 
by N(a). Since a has the principal projection property, the band N(i) is a 
projection band, so 
an order direct sum. Moreover, the multiplication in the f-algebra N(a) is 
trivial and N(A)d is a semiprime f-algebra (for details on this, see e.g. [6, Sec- 
tion 31). Decompose 
a = a1 + a2, b = bl + bz, c=q +c2 
with al, bl, cl E N(A) and a2, b2, c2 E IV(#. Since N(# is an Archimedean 
semiprime f-algebra and 
X2a2 + 2Xb2 + c2 L 0 
for all X E R we have by [7, Proposition 3.31 that bi 5 a2c2. Now 
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b2=bf+2blb2+b; 
(note that 2, being an Archimedean f-algebra, is commutative). Since the 
multiplication in N(a) is trivial, we have bf = 0. Moreover, A^ is an f-algebra, 
so 61 I b2 implies bl b2 = 0. It follows that b2 = b$ Similarly, UC = ~2~2. 
Hence, b2 5 ac. 
Another way of deducing the non-semiprime case from the semiprime case is 
by observing that the quotient A/N(A) is an Archimedean semiprimef-algebra 
and that xy E iV(,4)d for all x, y E A (particularly, x2 E N(& for all x E A). If 
we denote the equivalence class x + N(A) E A/N(A) of an element x E A by [xl, 
then X2a + 2Xb + c 2 0 for all X E R implies 
X’[u] + 2X[b] + [c] 3 [O] 
for all real X and therefore 
PI 2 - [al [cl I 0. 
This shows that (b2 - UC)’ E N(A). Moreover, 0 5 (b2 - UC)’ 5 b2 and b2 E 
N(A)d gives (b2 - ac)’ E N(A)d as well. It follows that (b2 - UC)’ = 0 from 
which b2 5 ac. 
It is worthwhile to observe that, by almost similar methods as above, the 
converse result can be proved as well. To be more precise, if A is an Archime- 
dean semiprime f-algebra, a, c E A + and b E A satisfy b2 5 ac, then 
X2a+2Xb+c>0 
for all real X. For the proof, use that A is semiprime, so we can embed A in its 
unitary f-algebra Orth(A) of orthomorphisms. Therefore, we may assume 
without loss of generality that A has a unit element e > 0. Now 
a(X2a + 2Xb + c) = (xa + b)2 + (ac - b2) 2 0 
for all X E R. It follows that 
a(X2a + 2Xb + c)- = 0 
for all real X. We may replace a by ~2 + (l/n)e in this equality, as b2 5 UC 5 
(a + (l/n) e) c. Hence 
(a+ie) f @(a+ie) +2iib+c)- =O 
forallrealX(n= 1,2,. . .). Since A is semiprime this is equivalent o 
(a+ke) A (i?(a+ie) +2Xb+c)-=0 
(XcR;n= 1,2,...).Thisshowsthat 
p(a+ke) +ZXb+e)Ae=O, 
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so, e being a weak order unit in A, we have 
p(a+ie) +2Ab+c) =O, 
from which 
x2 a++. +2Xb+c>O 
( > 
for all real X (n = 1,2, . . .). Letting n + 00 and using the Archimedean property 
we get 
X2a+2Xb+c> 0 
for all real X, as desired. Note that in the last result we have to assume (contrary 
to the real number case) that c E A +. Indeed, if we take A = R2 with the co- 
ordinatewise ordering and multiplication and 
a= (3, b= (3, c= (II), 
thenb2=ac= (A),but 
X2a+2Xb+c= 
Moreover, this result fails to hold in non-semiprime f-algebras. By way of 
example, take A = R2 with the coordinatewise ordering and as multiplication 
Take b = (y) and a = c = (A). Then 
b2= (3 5 (3 =ac, 
but 
X2a+2Xb+c= 
which is not positive for all real X. 
It is the main purpose of the present paper to give an elementary, intrinsic 
proof (i.e., in the f-algebra itself and without the use of the Dedekind comple- 
tion, the f-algebra of orthomorphisms or the quotient modulo the nilpotents) 
of the fact that a positive definite quadratic form in an Archimedean f-algebra 
necessarily has a negative discriminant (Section 2, Theorem 2.5). An immediate 
corollary will be the following (real) f-algebra version of the Schwarz inequal- 
ity: if T is a positive linear mapping from the Archimedean f-algebra A into the 
Archimedean f-algebra B, then 
{T(ab)}* 5 T(a2). T(b2) 
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for all a, b E A (Section 2, Theorem 2.6). The latter inequality will also be ex- 
tended to complex f-algebras (Section 3, Theorem 3.2). 
For unexplained notions and elementary vector lattice and f-algebra theory 
we refer to [l], [lo], [12]. 
2. THE SCHWARZ INEQUALITY IN REAL f-ALGEBRAS 
The real (associative, but not necessarily commutative or unitary) algebra A 
which is simultaneously a vector lattice is called a lattice ordered algebra 
(briefly, an e-algebra) whenever the positive cone A+ = {u E A : a 2 0) is 
closed under multiplication, i.e., u, b E A+ implies ab E A+ (equivalently, 
jab1 5 Ial . Ibl for all a, b E A). The e-algebra A is called an f-algebra whenever 
b A c = 0 implies ub A c = bu A c = 0 for all a E A+. Archimedean f-algebras 
are known to be commutative (see e.g. [2], [12, Theorem 140.10]), and are even 
automatically associative [2], [7, Theorem 2.11. Moreover, since u+ A a- = 0 for 
alluEA,wehaveu+u-=a-u+=Oandhence 
u2 = ]ul2 = (u+)2 + (u-)2 > 0 
for all u E A, so in any f-algebra squares are positive. 
Our first goal is to show the following: if A is an Archimedean f-algebra and 
a, b, c E A satisfy 
(*) X2u+2Xb+c>0 
for all A E R, then b2 5 UC. Observe that condition (*) can be reformulated a 
little. If we take X = 0 in (*) we find c > 0. For X > 0 and dividing by X we get 
u+;b+&O. 
Let X + 00 and use the Archimedean property to obtain a 2 0. Hence, (*) im- 
plies a, c E A+. Since X2u + c 2 -2Xb we deduce that 
; Xu+;c 2-b 
( ) 
for all X > 0. Taking -X instead of X in the first inequality of the last line yields 
X2u + c 2 2Xb for all real X, so 
; Xu+;c 2-b ( ) 
for all X > 0 as well. Therefore, 
(bl I ; (Xu + ; c) 
for all X > 0. Since b2 = Jb12 and we aim at b2 5 UC we may assume that 
b E A+. Therefore condition (*) above may be replaced by 
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(**I a,b,cEA+;O<b<; Xa+$ ( > 
for all X > 0. 
We begin with a lemma. 
Lemma 2.1. Let E be a vector lattice andp, q, I, s E E. Then 
p+Aq++r+As+2p+A(p+s)+A(q+r)+As+. 
Proof. 
p+Aq++r+As+=(p++r+As+)A(q++r+As+) 
= (P’ + r+) A (p’ + s+) A (q+ + r’) A (q+ + s+) 
zP+A(P+s)+A(q+r)+As+. 0 
Proposition 2.2. Let E be a vector lattice and a, c E A+. If E > 0 and 
yA[(l+k)pa-c]+A(c-pa)+=0 
for all p > 0, then 
y A [( 1 + k&)/u - c] + A (c - pa)+ = 0 
foraNp>O(k=2,3,...). 
Proof. We use induction on k, so suppose that 
y A [( 1 + ke)p.a - c] + A (c - pa)+ = 0 
for all 1_1> 0and some k 2 2. Then 
~A{[(1+k~)(l+~)~a-c]~A(c-(1+~)~)~+[(1+2~)~-c]fA(c-~)~}=O 
forall~~O.Observenowthat(1+k~)(l+~)~1+(k+1)~,sobyLemma2.1 
yA[(l+(k+l)&)~a-c]+A(k+l)&~A~~aA(c-~)f=O 
for all p > 0. Hence 
yA[(l+(k+l)&)p.a-c]+A(c-pa)+Aa=O 
and consequently 
yA[(l+(k+l)&)/~~-c]+A(c--)+=O 
for all h > 0. This finishes the induction step and the proof is complete. q 
Corollary 2.3. Let E be an Archimedean vector lattice and a, c E E +. If E > 0 and 
yA[(l+2~)pa-c]+A(c-pa)~=O 
forallp>O, thenyAaAc=O. 
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Proof. By Proposition 2.2, 
( 1 > 
+ 
yA a-(l+kE)/ 
A (c - /La)+ = 0 
for all p> 0 and k = 2,3,. . . . Because E is Archimedean we may let k + 00 to 
infer that 
yAaA(c-/Iu)+=O 
for all p > 0 and then let p JO to obtain y A a A c = 0. 0 
Proposition 2.4. Let A be an Archimedean f-algebra and let a, b, c E A+ satisfy 
(w). Zfe > 0 and 
yA[(l+2E)pa-c]+A(c-pa)+=0 
forallp>0,thenyAb2=0. 
Proof. Write c = a A c + (c - a)+ and note that, by Corollary 2.3, (a - C)+A 
y A c = 0. Because A is an f-algebra 
05 (a-c)+AyAb2 
<(a--c)+/\yAi 
2 
<(a-c)+*y*~X2a2+(a-c)+hy*ic 2a+-c 
( 3 
122 lzXa +O. 
Because A is Archimedean, X 10 gives 
(a - c)’ A y A b2 = 0. 
Similarly 
(c-a)+A yAb2 =O. 
Using X = 1 in (**) we have 
O<b<i(a+c)=aAc+i(a-c)++i(c-a)+. 
By the above results, y A b 2 A 4 (a + c) = 0. Once more by the f-algebra prop- 
erty of A 
yAb2=yr\b2/\a(a+c)2=0 
and we are done. 0 
Theorem 2.5 (negative discriminant). Let A be an Archimedean f-algebra and 
a,b,cEAsuchthatX2a+2Xb+c>OforallXER.Thenb2<ac. 
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Proof. Take E > 0, I_L > 0. By (**) 
Ojbs; Xa+;c ( > 
5; Xn+;(c”(1+2E)/Uz) 
{ 1 
=- ; 
{ 
An+; [(1+2E)pa+(c- (1+2+)+] 
1 
1 =- 
2 ( 
x+ (1+2c)LJ 
x 1 
.+zt, (c- (1+2&)/U)+ 
for all X > 0. Choose X = ,/m to obtain 
(1) olbLJiTz&z+ 2J& cc - (1 + ww4+ 
for all E > 0, p > 0. 
Similarly 
OSbs;{A(a”;c)+;c} 
=l(++)++ (p+gc} 
=&4+++;(~+;)c 
for all X > 0, p > 0. 
Choosing X = & gives 
for a11 /I > 0. 
Now (W - c)+ 5 (( 1 + 2~) pus - c)+, so the f-algebra property implies 
(/Ju - c)’ . (c - (1 + 2&)/U)+ = 0 
for all E > 0, p > 0. 
Multiplying inequalities (1) and (2) we find therefore 
(3) 
0 5 b2 I ; di?%+u - c)’ 
+diTZac-t 
1 
2&G-z 
c(c - (1 + 2+2)+ 
for all E > 0, ,u > 0. 
Fix E > 0. By (3) 
(b2 - =a~)+ I ; -+a - c)’ 
1 
+ 
2/J- 
c(c - (1 + 2&)pa)+ 
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for all p > 0. It follows easily that 
(b2 - &7-&c)+ A [(1+ 2&)pa - c]’ A (c - /Mz)+ = 0 
for all ~1 > 0. By Proposition 2.4 
0 = (b2 - -UC)+ A b2 = (b2 - dmuc)+ 
and hence b 2 i dm UC. Again we exploit that A is Archimedean, to let E 1 0 
and conclude that b2 5 UC, as required. q 
A standard argument leads immediately to the following. 
Theorem 2.6 (Schwarz’s inequality for real f-algebras). Let A, B be Archime- 
dean f-algebras and 0 5 T : A + B a positive linear mapping. Then 
{T(ub)}2 5 T(u2) T(b’) 
forullqb E A. 
Proof. As observed before, squares in f-algebras are positive, so 
A2u2 + 2Xab + b2 = (Xu + b)2 2 0 
for all real X. Since T 2 0 we get 
X2T(u2) + 2XT(ub) + T(b2) 2 0 
for all X E R. By Theorem 2.5, 
{T(ub)}2 5 T(u2) . T(b2). 0 
Remark 2.7. Notice that our proof of Theorem 2.6 is equally valid if we only 
assume that A is a (not necessarily Archimedean) commutative e-algebra with 
positive squares. There are examples in [3, Examples 1.6, 3.3 and 3.41 of com- 
mutative positive square e-algebras which are not f-algebras. 
Examples 2.8. Theorems 2.5 and 2.6 are false in arbitrary Archimedean 
C-algebras. By way of example, consider A = R2 with the coordinatewise par- 
tial ordering, so A is an Archimedean vector lattice. Equip A with the following 
multiplication (see [3, Example 2.181 and [6, Example 1.2 (i)]): 
(1;). (;;) = (::;;)- 
Then A becomes an e-algebra that is not an f-algebra, as 
It is easily verified though that A is a so-called d-algebra, i.e., that multi- 
plications with positive elements are lattice homomorphisms. Observe that A is 
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not commutative and that squares in A need not be positive ((J,)” = (1,)). 
Moreover, A is not semiprime ((y)’ = (9). 
For 
a= (;), b= ($7 c= (;“> 
we have 
X2a+2Xb+c= 
for all X E R, but 
b2= c), ac= (i), 
so b2 5 ac does not hold. 
Furthermore, if we define 
T(Z) = (z:) 
for all a = 
0 
z; E R2, then T 2 0 andlinear. For the unit vectors ei = (3 and e2 = 
(y) we have ei e2 = e2, so T(ele2) = Te2 = el and hence { T(el e2)}2 = eT = el. 
On the other hand, T(ef) = Tel = e2 and e: = 0, so T(e$ = 0. This shows that 
the inequality { T(el e2)}2 5 T(ef) . T(e$) is false in this case. 
If we consider A = R2 with the lexicographical ordering and the same mul- 
tiplication, then A becomes even an f-algebra, albeit non-Archimedean (and of 
course non-commutative). The above argument shows that the result of Theo- 
rem 2.5 need not hold in a non-Archimedean f-algebra. 
3. THE SCHWARZ INEQUALITY IN COMPLEX f-ALGEBRAS 
Let E be an Archimedean uniformly complete vector lattice. It can be shown 
(see [12, Exercises 91.11 and 91.121 for a proof without representation theory) 
that 
sup (cosB*a+sin0=b) = sup Icosc?,a+sinO.bl 
0563527l 0<8<27r 
exists in E for all a, b E E. Let E + iE be the vector space complexification of E. 
For cp = LI + ib E E + iE we define the modulus, 1~1 E E+, of cp by 
This formula is already valid for C(X), and the modulus so defined satisfies the 
triangle inequality as well as the other standard conditions for the absolute 
value of a complex number (for an excellent survey we refer to [12, Sections 91 
and 921). The complex vector space E + iE equipped with this modulus is called 
a complex vector lattice. 
If E and F are Archimedean uniformly complete vector lattices, then the 
linear mapping T : E + iE + F + iF is called positive, with notation T 2 0, 
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when T(E+) c F+. This implies of course that T is real (i.e., that T(E) c F) 
since E+ is generating and I;+ c F. 
Now let A be an Archimedean uniformly complete e-algebra and let A + iA 
denote the usual algebra complexification of A. It can be shown that 
IV@1 5 IpI. 14 
for all cp, + E A + iA (see [5, Section 51 for a proof without representations). If A 
is, in addition, a d-algebra, then even 
Id4 = 14. IT4 
for all cp, $ E A + iA (for details, see [6, Section 61 and the references therein). 
This equality is therefore certainly valid in an Archimedean uniformly com- 
plete f-algebra. Even more is true in this case. Indeed, if cp, $ E A + iA and 
cp I ?I, (i.e., I’pl A I$1 = 0), then u’p -L 11, for all (T E A + iA. This follows from 
I4 A Ml = I4 . IPI A IFb = 0 
(where we use the f-algebra property of A). Similarly, ‘pi I +. In passing, ob- 
serve that A + iA is commutative, as A is. For these reasons we will call A + iA 
a complex f-algebra. 
A version of the next proposition is proved in [12, Lemma 92.51 for the case 
that E is an Archimedean uniformly complete vector lattice, F a Dedekind 
complete vector lattice and T : E + iE + F + iF linear and order bounded. 
However, for positive linear mappings the condition on F can be relaxed. The 
proof is straightforward and therefore omitted. 
Proposition 3.1. Let E, F be Archimedean, uniformly complete vector lattices and 
T : E + iE + F + iF be linear andpositive. Then 
IW 5 Tld 
forallcp E Ei-iE. 
We are now in a position to prove a complex analogue of Theorem 2.6. 
Theorem 3.2 (Schwarz’s inequality for complex f-algebras). Let A, B be Archi- 
medean uniformly complete f-algebras and T : A + iA + B + iB a positive linear 
mapping. Then 
lT(cpll)l 2 5 T(IPI 2, . TWI 2, 
forallcp,$ E A+iA. 
Proof. By Proposition 3.1, IT( i T(lqq!Q. Since I++] = ]‘p]. ]$I we find 
IT(cpti,)I I T(M~ MI) and thus IT(cp@)l’ I {TM. Wl>12. APPLY Theorem 2.6 
to the real elements 191, ]$I f A+ to obtain 
{W4 . MN2 L T(lv12) . T(ltil’) 
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The proof is complete. Notice that we also get 
Ia4l’ I mP21> . W21>~ 
as b21 = ld2, M*l = M2. 0 
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